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In Iliadis (2005) [13] for an ordinal α the notion of the so-called (bn-Ind α)-dimensional
normal base C for the closed subsets of a space X was introduced. This notion is deﬁned
similarly to the classical large inductive dimension Ind. In this case we shall write here
I(X,C)  α and say that the base dimension I of the space X by the normal base C is
less than or equal to α. The classical large inductive dimension Ind of a normal space
X , the large inductive dimension Ind0 of a Tychonoff space X deﬁned independently
by Charalambous and Filippov, as well as, the relative inductive dimension deﬁned by
Chigogidze for a subspace X of a Tychonoff space Y may be considered as the base
dimension I of X by normal bases Z(X) (all closed subsets of X), Z(X) (all functionally
closed subsets of X), and Z(X, Y ) = {X ∩ F : F ∈ Z(Y )}, respectively.
In the present paper, we shall consider normal bases of spaces consisting of functionally
closed subsets. In particular, we introduce new dimension invariant Indw0 : for a space X ,
Indw0 (X) is the minimal element α of the class O ∪ {−1,∞}, where O is the class of all
ordinals, for which there exists a normal base C on X consisting of functionally closed
subsets such that I(X,C) α. We prove that in the class of all completely regular spaces
X of weight less than or equal to a given inﬁnite cardinal τ such that Indw0 (X) n ∈ ω
there exist universal spaces. However, the following questions are open.
(1) Are there universal elements in the class of all normal (respectively, of all compact)
spaces X of weight  τ with Indw0 (X) n ∈ ω?
(2) Are there universal elements in the class of all Tychonoff (respectively, of all normal)
spaces X of weight  τ with Ind0(X)  n ∈ ω? (Note that Indw0 (X) = Ind0(X) for a
compact space X .)
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
1.1. Agreement
All spaces are assumed to be Tychonoff (that is, completely regular and Hausdorff) spaces of weight less than or equal
to a ﬁxed inﬁnite cardinal denoted by τ . By F we denote the set of all ﬁnite subsets of τ (including the empty set). By O
we denote the class of all ordinals and by ω the ﬁrst inﬁnite cardinal. We also consider the symbols “−1” and “∞” and
suppose that −1 α ∞ for every α ∈ O. All mappings of spaces are assumed to be continuous.
1.2. The dimensions Ind and Ind0
The classical dimension Ind for normal spaces can be deﬁned inductively by the following conditions:
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(2) Ind(X) α ∈ O if for every pair (A, B) of disjoint closed subsets of X there exists a pair (G, K ) of closed subsets of X
such that A ∩ K = ∅, B ∩ G = ∅, G ∪ K = X , and Ind(G ∩ K ) < α.
Therefore, Ind(X) = ∞ if and only if the inequality Ind(X) α is not valid for every ordinal α.
The dimension Ind0 is deﬁned for Tychonoff spaces by the same conditions considering that the subsets A, B , G , and K
in condition (2) are functionally closed subsets of X . This dimension was deﬁned independently by M. Charalambous [2,3]
and by V. Filippov (cf. A. Ivanov [14]).
1.3. The notion of a normal base (O. Frink [6])
A base C for the closed subsets of a space X is said to be normal if the following conditions are satisﬁed:
(1) C is a ring of subsets on X : C is closed under ﬁnite unions and ﬁnite intersections. (It is assumed that the whole space
and the empty set belong to C .)
(2) C is disjunctive: For every Q in C and a point x in X not in Q there is an element F of C such that x ∈ F and F ∩ Q = ∅.
(3) C is base-normal: For every pair (G, K ) of disjoint elements of C there exists a pair (L, H) of elements of C (which is
called a screening of (G, K )) such that
G ∩ H = ∅, L ∩ K = ∅, and L ∪ H = X .
It is well known that a space X is Tychonoff if and only if X has a normal base C for the closed subsets (with |C | τ ).
Natural normal bases are the family Z(X) of all closed subsets of a normal space X and the family Z(X) of all function-
ally closed subsets of a Tychonoff space X .
1.3.1. Deﬁnition. A base B for the open subsets of a space X is said to be normal if the base C = {X \ U : U ∈ B} for the
closed subsets of X is normal.
1.3.2. Notation. Let B be a family of subsets of a set X . We denote by B♦ the minimal ring of subsets of X containing the
family B .
1.4. The base dimension I
Let C be a normal base for the closed subsets of a space X . The base dimension I of the space X by the normal base C is an
element of O ∪ {−1,∞}, denoted by I(X,C), which is deﬁned by the following conditions:
(1) I(X,C) = −1 if and only if X = ∅ (and, therefore, C = {∅}) and
(2) I(X,C)  α ∈ O if for every pair (G, K ) of disjoint elements of C there exists a screening (L, H) of (G, K ) such that
I(L ∩ H,C |L∩H ) < α, where C |L∩H is the normal base {(L ∩ H) ∩ F : F ∈ C} for the closed subsets of the space L ∩ H .
Therefore, I(X,C) = ∞ if and only if the inequality I(X,C) α is not valid for every ordinal α.
We note that the inequality I(X,C)  α is true for some ordinal α if and only if the normal base C is (bn-Ind  α)-
dimensional (see [13], Section 5.2).
It is easy to see that for a normal space X , Ind(X) = I(X,Z(X)) and for a Tychonoff space X , Ind0(X) = I(X, Z(X)). Also,
the relative dimension of a subspace X of a Tychonoff space Y , deﬁned by Chigogidze [5], is equal to I(X, Z(X, Y )), where
Z(X, Y ) = {X ∩ F : F ∈ Z(X)}.
In [13] the base dimension I of a space by a normal base was studied only with respect to the property of universality.
Other properties of this base dimension are studied in the papers [7,8,4].
1.4.1. Deﬁnition. Let B be a normal base for the open subsets of a space X . Then, we shall say that the base dimension I of
the space X by the normal base B is α ∈ O ∪ {−1,∞} if and only if I(X,C) = α where C = {X \ U : U ∈ B}.
1.5. The dimension invariant Indw
In [13] a dimension invariant, denoted by s–bn-Ind is considered. Here, this dimension invariant will be denoted by Indw .
By the deﬁnition of Indw we have
Indw(X) = min{I(X,C): C is a normal base on X with |C | τ}.
The following results are proved in [13].
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open subsets of a Tychonoff space X which is contained in a normal base BX such that I(X, BX ) n and |BX | τ , is a
saturated class of bases. Therefore, in this class of bases there exists a universal element, that is an element (T , AT ) with
the property that for every (X, AX ) ∈ Bn there exists an embedding i XT of X into T such that AX = {(i XT )−1(U ): U ∈ AT }.
In particular (Corollary 5.2.9 of [13]), in the class of all Tychonoff spaces X with Indw(X) n ∈ ω there exist universal
elements.
• (Proposition 5.2.12 of [13]) For a normal space X , Indw(X) Ind(X). For the proof of this result it is proved that each
normal space X has a normal base C for the closed subsets of X such that I(X,C) I(X,Z(X)) and |C | τ . (Note that
in [7] it is proved that there exists a normal space X such that Indw(X) < Ind(X).)
• (Lemma 5.3.6 of [13]) Let C be a normal base for the closed subsets of a space X with I(X,C) = α ∈ O ∪ {−1,∞} and
w(X,C) the Wallman compactiﬁcation of X corresponding to the normal base C . Then, the set w(C) = {Clw(X,C)(F ):
F ∈ C} is a normal base on w(X,C) such that I(w(X,C),w(C)) = α.
• (Proposition 5.3.8 of [13]) For a compact space X , Indw(X) = Ind(X).
The above mentioned propositions imply the well known result of Pasynkov [15] and [1] (Appendix) that in the class of
all compact spaces X such that Ind(X) n ∈ ω there are universal elements.
1.6. The present paper
Since there exist compact spaces X for which Ind(X) < Ind0(X) (see, for example, [14]) it is interesting to consider the
problem whether there exist universal elements in the class of all compact spaces X such that Ind0(X) n ∈ ω \ {0}.
In the present paper while trying to solve this problem (similarly to the above mentioned method for the dimension Ind),
we introduce the dimension invariant Indw0 by analogy to the dimension invariant Ind
w . The main results of the paper are
Propositions 3.2 and 3.4. These propositions imply immediately Corollary 3.5, that is in the class of all Tychonoff spaces X
(of weight less than or equal to a given inﬁnite cardinal τ ) such that Indw0 (X) n ∈ ω there exist universal spaces.
In this paper we use notions and notations from the book [13]. In particular, for a given indexed collection S of spaces
we consider the notions of (open and closed) co-bases, the notion of a co-mark M, the notion of a co-extension of co-marks
and its indicial mapping, the notions of admissible and M-admissible families R of equivalence relations on S and its ﬁnal
reﬁnements, the notion of a Containing Space T(M,R) and its standard bases BTκ for the open sets of T, κ ⊂ τ , and the
notion of a saturated class of spaces. These notions and some other related notions can be also ﬁnd in the paper [9,11]. The
notion of a saturated class of bases, which is also used here, can be ﬁnd in the paper [10].
Also, for an indexed collection F of mappings we consider the notion of the Containing Mapping, the notion of a universal
element for a class of mappings, and the notion of a saturated class of mappings (see Chapter 6 of [13]). These notions (for
the case, where the ranges of mappings are different) can be also ﬁnd in the paper [12].
Special indications of the normal bases of spaces is the important technical part of the proofs of the main results. These
indications are given only in Section 5.2 of the book [13] and they are not contained in any article published in a research
journal. So, we deem in policy to deﬁne these indications in the next section together with the formulations of some
corresponding results using below.
2. Special indications of normal bases
2.1. Admissible triads
Any triad (ϑ∨, ϑ∧, ϑ), where ϑ∨ and ϑ∧ are mappings of the set F \ {∅} into the set τ and ϑ is a mapping of τ 2 into τ 2,
is said to be an admissible triad.
Let (ϑ∨, ϑ∧, ϑ) be an admissible triad. Let also X be a Tychonoff space and C a normal base of cardinality  τ for the
closed subsets of X . An indication {Cδ: δ ∈ τ } of C is said to be (ϑ∨, ϑ∧, ϑ)-normal if the following conditions are satisﬁed:
(a) for every {δ0, . . . , δn−1} ∈ F \ {∅} we have
Cδ0 ∪ · · · ∪ Cδn−1 = Cη and Cδ0 ∩ · · · ∩ Cδn−1 = Cε
where
η = ϑ∨
({δ0, . . . , δn−1}
)
and ε = ϑ∧
({δ0, . . . , δn−1}
)
,
(b) for every (δ0, δ1) ∈ τ 2 with (ε0, ε1) = ϑ(δ0, δ1) the pair (Cε0 ,Cε1 ) is a screening of the pair (Cδ0 ,Cδ1 ) if Cδ0 ∩ Cδ1 = ∅
and (Cε0 ,Cε1 ) = (∅,∅) if Cδ0 ∩ Cδ1 = ∅, and
(c) C0 = X and C1 = ∅.
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if the indication
{Cδ ≡ X \ Uδ: δ ∈ τ }
of the base C ≡ {X \ U : U ∈ B} for the closed subsets of X is (ϑ∨, ϑ∧, ϑ)-normal.
2.2. The set τ





: k ∈ ω \ {0}}
)
.
For an element ψ ≡ ((ε1, η1), . . . , (εn, ηn)) of τ it is assumed that ψ = ∅ if n = 0. Let
ψ ≡ ((ε1, η1), . . . , (εn, ηn)
)
and χ ≡ ((ε′1, η′1
)
















, (ε1, η1), . . . , (εn, ηn)
)
of τ . It is supposed that χψ = ψ if χ = ∅ and χψ = χ if ψ = ∅.
2.3. Branching families of mappings
An indexed set
Θ ≡ {ϑψ : ψ ∈ Ψ }
of mappings of τ 2 into itself, where Ψ is a subset of τ , is said to be a branching family of mappings if
(a) the empty set is an element of Ψ and
(b) an element
(
(ε1, η1), . . . , (εk, ηk), (ε,η)
) ∈ (τ 2)k+1, k ∈ ω,
belongs to Ψ if and only if ψ ≡ (ε1, η1), . . . , (εk, ηk) is an element of Ψ and (ε,η) belongs to the set ϑψ(τ 2).
2.4. Expansions of branching families of mappings
Suppose that
Θ ≡ {ϑψ : ψ ∈ Ψ }
is a branching family of mappings. A mapping
 : Ψ → {−1} ∪ O
is said to be an expansion of Θ , if for every element
(
(ε1, η1), . . . , (εk, ηk), (ε,η)









(ε1, η1), . . . , (εk, ηk), (ε,η)
) ∈ {−1} ∪ β.
(By the deﬁnition of a branching family of mappings, ((ε1, η1), . . . , (εk, ηk)) is an element of Ψ .)
An expansion  of Θ is said to be an α-expansion, α ∈ {−1} ∪ O, if (∅) = α.
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Let N ≡ {Cδ: δ ∈ τ } be an indexed set of subsets of a space X . For every element ψ ≡ ((ε1, η1), . . . , (εk, ηk)) of τ we
denote by XNψ the space X if k = 0 (that is, if ψ = ∅) and the subset
⋂{
Cεi ∩ Cηi : i ∈ {1, . . . ,k}
}
of X if k ∈ ω \ {0}.
2.6. Admissible branching triad
Any triad (ϑ∨, ϑ∧,Θ), where ϑ∨ and ϑ∧ are mappings of F \ {∅} into τ and Θ is branching family of mappings, is called
an admissible branching triad.
Let (ϑ∨, ϑ∧,Θ) be an admissible branching triad and  an expansion of Θ . Suppose that C is a normal base of cardi-
nality  τ for the closed subsets of a space X and N ≡ {Cδ: δ ∈ τ } is an indication of this base. The indication N of C is
said to be (ϑ∨, ϑ∧,Θ)-normal if for every element ψ of Ψ the indication
{
XNψ ∩ Cδ: δ ∈ τ
}
of the normal base
{
XNψ ∩ F : F ∈ C
}
for the closed subsets of the space XNψ is (ϑ∨, ϑ∧, ϑψ)-normal.
The indication N of the base C is said to be (ϑ∨, ϑ∧,Θ,)-normal if N is (ϑ∨, ϑ∧,Θ)-normal and for every element ψ
of Ψ the condition (ψ) = 0 implies XNψ = ∅.
2.7. Normal co-indications
Let S be an indexed collections of spaces, C ≡ {C X : X ∈ S} a normal closed co-base for S (that is, for every X ∈ S,
C X is a normal base for the closed subsets of X ), and B ≡ {BX : X ∈ S} the complementary open co-base for S (that is,
BX = {X \ F : F ∈ C X } for every X ∈ S). Let also (ϑ∨, ϑ∧,Θ) be an admissible branching triad and  an expansion of Θ .
A co-indication
{{
C Xδ : δ ∈ τ
}
: X ∈ S} of C,
that is, for every X ∈ S, {C Xδ : δ ∈ τ } is an indication of C X , is said to be (ϑ∨, ϑ∧,Θ,)-normal if for every X ∈ S the
indication {C Xδ : δ ∈ τ } of C X is (ϑ∨, ϑ∧,Θ,)-normal.
A co-indication
{{
U Xδ : δ ∈ τ
}
: X ∈ S} of B
is said to be (ϑ∨, ϑ∧,Θ,)-normal if the indication
{{
C Xδ ≡ X \ U Xδ : δ ∈ τ
}
: X ∈ S} of C
is (ϑ∨, ϑ∧,Θ,)-normal.
2.8. Proposition. (Lemma 5.2.4 of [13]) Let DX be a base for the closed subsets of a space X,
D X ≡ {DXδ : δ ∈ τ
}
an indication of DX , C X a normal base for the closed subsets of X containing the base DX , and α ∈ {−1} ∪ O. Then, I(X,C X ) α if
and only if for some admissible branching triad (ϑ∨, ϑ∧,Θ), an α-expansion  of Θ , and a mapping θ of the set τ into itself there
exists a (ϑ∨, ϑ∧,Θ,)-normal indication
C X ≡ {C Xδ : δ ∈ τ
}
of C X such that DXδ = C Xθ(δ) for every δ ∈ τ . Moreover, if α ∈ {−1} ∪ ω, then the triad (ϑ∨, ϑ∧,Θ), the α-expansion , and the
mapping θ can be considered to be independent of the space X.
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normal co-indication of B, where (ϑ∨, ϑ∧,Θ) is an admissible branching triad and  is an α-expansion of Θ , α ∈ {−1} ∪ O. Then,
there exists a co-markM+ of S, which is a co-extension of N, satisfying the following condition. For every co-extensionM ofM+ there
exists an M-admissible family R+ of equivalence relations on S such that for every admissible family R of equivalence relations on S,
which is a ﬁnal reﬁnement of R+ , the minimal ring (BT
θ(τ ))
♦ containing BT
θ(τ ) is a normal base for the open subsets of T(M,R) with
I(T, (BTθ(τ ))
♦) α, where T is the Containing Space T(M,R), BTθ(τ ) is the corresponding standard base for the open subsets of T, and θ
is an indicial mapping from N toM.
3. The results
3.1. Deﬁnition. For every Tychonoff space X , we denote by Indw0 (X) the minimal element α of the class O ∪ {−1,∞} for
which there exists a normal base C on X consisting of functionally closed sets of X such that I(X,C) = α.
3.2. Proposition. Let C be a normal base on a Tychonoff space X such that I(X,C) α ∈ O. Then, there exists a normal subbase C ′ of
C such that I(X,C ′) α and |C ′| τ .
Proof. First we note that in the case, where the space X is normal and C is the normal base of all closed subsets of X
this proposition actually coincides with Proposition 5.2.12 of [13]. Indeed, Proposition 5.2.12 says that Indw(X)  Ind(X).
However, this relation is proved by construction of the normal base C(X) of cardinality  τ for the closed subsets of X such
that I(X,C(X))  I(X, Z(X)). We observe that the base C(X) is determined by the construction of its special indication.
This indication is constructed similarly to the construction of the special indication of a normal base in the second part
of Lemma 5.2.4 of [13] (see the above Proposition 2.8). Because of this, in the proof of Proposition 5.2.12 it is indicated
only the changes which one must make in the proof of the corresponding part of Lemma 5.2.4. Now, we note that the
present proposition where C is an arbitrary normal base for the closed subsets of X is proved similarly to Proposition 5.2.12
replaced only the relation Ind(Xψ) αψ by relation I(Xψ,Cψ) αψ where Cψ = {Xψ ∩ F : F ∈ C}. 
Proposition 3.2 implies immediately the following corollary.
3.3. Corollary. For every Tychonoff space X,
Indw(X) Indw0 (X) Ind0(X).
3.4. Proposition. For every n ∈ ω the class of bases B0n consisting of all pairs (X, AX ), where X is a space and AX is a base for the
open subsets of X which is contained in a normal base B X of cardinality  τ consisting of functionally open subsets of X such that
I(X, BX ) n, is a saturated class of bases. Therefore, in this class there exists a universal element, that is an element (T , AT ) with the
property that for every (X, AX ) ∈ B0n there exists an embedding iXT of X into T such that AX = {(i XT )−1(U ): U ∈ AT }.
Proof. Let n ∈ ω. For every element (X, AX ) of B0n we denote by BX a ﬁxed normal base for the open subsets of X with the
properties mentioned in the proposition and put
DX = {X \ U : U ∈ AX} and C X = {X \ U : U ∈ BX}.
Obviously, DX ⊂ C X .
Let P be an indexed collection of elements of B0n . The indexed collection P deﬁnes the indexed collection
S≡ {X: (X, AX ) ∈ P}
of spaces. For every X ∈ S we take an arbitrary indication
AX ≡ {AXδ : δ ∈ τ
}
of AX .
This indication determines the indication
DX ≡ {DXδ ≡ X \ AXδ : δ ∈ τ
}
of DX .
By the above Proposition 2.8 there exist (a) an admissible branching triad (ϑ∨, ϑ∧,Θ), (b) an n-expansion  of Θ , and
(c) a mapping θ of τ into itself (which are independent of X ) such that for every X ∈ S there exists a (ϑ∨, ϑ∧,Θ,)-normal
indication
C
X ≡ {C Xδ : δ ∈ τ
}
of C X ,
for which C X
θ(δ)
= DXδ , δ ∈ τ . This indication determines the (ϑ∨, ϑ∧,Θ,)-normal indication
B
X ≡ {U Xδ ≡ X \ C Xδ : δ ∈ τ
}
of BX .
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A≡ {{AXδ : δ ∈ τ
}
: X ∈ S} of A,
the normal open co-base B≡ {BX : X ∈ S} for S, and the (ϑ∨, ϑ∧,Θ,)-normal co-indication
N≡ {{U Xδ : δ ∈ τ
}
: X ∈ S} of B,
which is a co-extension of A. By Proposition 2.9 there exists a co-mark
M+ ≡ {{W Xδ : δ ∈ τ
}
: X ∈ S} of S,
which is a co-extension of N, satisfying the following condition. For every co-extension M of M+ there exists an M-
admissible family R+ of equivalence relations on S such that for every admissible family R of equivalence relations
on S, which is a ﬁnal reﬁnement of R+ , we have that (BTθ(τ ))♦ is a normal base for the open subsets of T(M,R) with
I(T, (BTθ(τ ))
♦)  n, where T is the Containing Space T(M,R), BTθ(τ ) is the corresponding standard base for the open subsets
of T, and θ is an indicial mapping from N to M.
Now, denote by R the real line and by BR ≡ {URη : η ∈ τ } a ﬁxed countable base for the open subsets of R. For every
U ∈ BX we denote by f XU a ﬁxed continuous function of X into R such that ( f XU )−1({0}) = X \ U .
For every δ ∈ τ and X ∈ S we consider the indexed family







: η ∈ τ}
of open subsets of X and the indexed family
Vδ ≡ {V X,δ: X ∈ S}.
Without loss of generality we can suppose that for every δ ∈ τ the co-mark M+ is a co-extension of Vδ , that is there exists
a mapping θδ of τ into itself such that W Xθδ(η) = V
X,δ
η for every η ∈ τ .
Let M be a co-extension of M+ , θA an indicial mapping from A to M, R+ the above mentioned M-admissible family of
equivalence relations on S, and R an arbitrary admissible family of equivalence relations on S which is a ﬁnal reﬁnement
of R+ . By the construction of M and R and Proposition 2.9, the minimal ring (BTθ(τ ))♦ of the standard base B
T
θ(τ ) of T ≡
T(M,R) is a normal base for the open subsets of T and I(T, (BTθ(τ ))
♦) n. Therefore, since BTθA(τ ) ⊂ B
T
θ(τ ) it is remain to prove
that the elements of BTθ(τ ) are functionally open sets.
Let U Tδ (H) ∈ BTθ(τ ) . Since U Tδ (H) = T(H) ∩ U Tδ (T) and T(H) is an open and closed subset of T it suﬃces to prove that
U ≡ U Tδ (T) is a functionally open subset of T. Consider the indexed family
F≡ { f X
U Xδ
: X ∈ S}
of R-mappings. The co-mark M is a co-extension of





: η ∈ τ}: X ∈ S},
that is, M is a co-extension of the F-preimage of the base BR of R. By Proposition 6.2.1 of [13] there exists the Containing
Mapping for F corresponding to M and R, that is a mapping f TR of T into R such that for every (x, X) ∈ a ∈ T we have
f X
U Xδ
(x) = f TR(a). Since a point a of T belongs to U Tδ (T) if and only if x ∈ U Xδ we have that a ∈ U Tδ (T) if and only if f XU Xδ (x) > 0
or if and only if f TR(a) > 0, which means that the set U
T
δ (T) is functionally open subsets of T completing the proof of the
proposition. 
Propositions 3.2 and 3.4 imply the following corollary.
3.5. Corollary. In the class of all Tychonoff spaces X with Indw0 (X) n ∈ ω there exist universal elements.
Since the intersection of two saturated classes of bases is also saturated, Propositions 3.4 and 5.2.8 of [13] (formulated
in Section 2 of this paper) imply the following corollary.
3.6. Corollary. Let n,m ∈ ω with n m. Then, in the class of all spaces X with Indw(X) n and Indw0 (X)m there exist universal
spaces.
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the elements of the normal base w(C) are not necessary to be functionally closed subsets of the Wallman compactiﬁcation
w(X,C).
Also we note that there exists a normal space X such that for every its compact extension b(X) we have that Ind0(X) <
Ind0(b(X)) (see Ivanov [14]). Thus, we can put the following problems.
3.7. Problem. Are there universal elements in the class of all normal (respectively, of all compact) spaces of weight  τ with
dimension Indw0  n ∈ ω?
3.8. Problem. Are there universal elements in the class of all Tychonoff (respectively, of all normal) spaces of weight  τ
with dimension Ind0  n ∈ ω? (Note that Indw0 (X) = Ind0(X) for any compact space X .)
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